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We show the existence of cohomologically trivial Q -module A,
where Q = G/Φ(G), A = Z(Φ(G)), G is a ﬁnite non-abelian
p-group, Φ(G) is the Frattini subgroup of G , Z(Φ(G)) is the center
of Φ(G), and Q acts on A by conjugation, i.e., zgΦ(G) := zg = g−1zg
for all g ∈ G and all z ∈ Z(Φ(G)). This means that the Tate
cohomology groups Hn(Q , A) are all trivial for any n ∈ Z. Our
main result answers Problem 17.2 of [V.D. Mazurov, E.I. Khukhro
(Eds.), The Kourovka Notebook. Unsolved Problems in Group
Theory, seventeenth edition, Russian Academy of Sciences, Siberian
Division, Institute of Mathematics, Novosibirsk, 2010] proposed by
P. Schmid.
© 2011 Elsevier Inc. All rights reserved.
1. Introduction and results
Let Q be a ﬁnite group and A be any abelian group such that Q acts on A (from the right) as a
group. Then A can be viewed as a (right) Q -module. The module A is called a cohomologically trivial
Q -module whenever the Tate cohomology Hn(X, A) = 0 for all integers n and all subgroups X of G .
If Q and A are p-groups, by a theorem of Gaschütz and Uchida A is cohomologically trivial provided
the Tate cohomology Hn(Q , A) = 0 for just one integer n 0 (cf. [3, p. 110]).
Suppose that G is a group and N is a normal subgroup of G such that G/N is ﬁnite. Then Z(N)
can be viewed as a GN -module by considering the action of G/N on Z(N) by conjugation, i.e., z
gN :=
zg = g−1zg for all g ∈ G and all z ∈ Z(N).
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such that Q = G/N is not cyclic, then Hn(Q , Z(N)) = 0 for all n. This result implies that if G is a
non-abelian regular p-group, then Hn(G/Φ(G), Z(Φ(G))) = 0 for all integers n, where Φ(G) denotes
the Frattini subgroup of G .
Schmid [4, p. 3] proposed the following question (see also [8, Problem 17.2]):
Question 1.1. Does there exist a ﬁnite non-abelian p-group G such that Z(Φ(G)) is a cohomologically
trivial G/Φ(G)-module?
Later, Schmid [5, p. 363] has announced that the existence of (non-regular) p-groups G such that
Z(Φ(G)) is a cohomologically trivial G
Φ(G) -module was shown in [2]. But we noticed that all groups
considered in [2] are ﬁnite p-groups of class 4 with p = 2,3, so these groups are all ﬁnite regular
p-groups and these groups cannot be candidates for Schmid’s Question 1.1. This latter has been kindly
conﬁrmed by Schmid [6].
For a ﬁnite non-abelian p-group G and a normal subgroup N of G , let us call the pair (G,N) a
Schmid pair whenever Hn(G/N, Z(N)) = 0 for all integers n. If (G,Φ(G)) is a Schmid pair, we call G
an S-group and otherwise G is called an NS-group. Note that, by [3, p. 110], (G,N) is a Schmid pair
if and only if Z(N) is not a cohomologically trivial G/N-module.
The ﬁrst main result of the present paper is to give the positive answer to Question 1.1, i.e., the
existence of an NS-group. Actually we determine the minimum order of an NS-group. These groups
are of order 28 and the class of such groups which we have found is 4. We also study the existence
of NS-groups of class less than 4.
In [1, Question 1.2] we asked for conditions under which the pairs (G,N) are Schmid ones. It is
shown in [1] that (G,N) is a Schmid pair whenever G satisﬁes one of the following properties:
(1) G is of nilpotency class 2 and G/N is not cyclic.
(2) p is odd, G is of nilpotency class 3 and G/N is not cyclic.
(3) p is odd, G/N is not cyclic and all elements of order p of G/Z(G) are contained in the center of
G/Z(G).
Here we ﬁnd some further conditions under which (G,N) is a Schmid pair.
We denote by AQ the submodule {a ∈ A | ax = a for all x ∈ Q } of ﬁxed points under Q . The trace
map a → a∑x∈Q x of A is written as τ = τQ , and its image will be denoted by Aτ . In dealing with the
Tate cohomology, by dimension-shifting it is often enough to consider the situation in dimension 0.
Recall that H0(Q , A) = AQ /Aτ . The group of all crossed homomorphisms and of Q to A is denoted
by Z1(Q , A) and B1(Q , A) is the subgroup of all principal crossed homomorphisms.
2. Determining NS-groups of the smallest order
Every non-abelian p-group of order at most p6 is an S-group for all prime numbers p. In fact
Theorem 2.1. Let p be any prime number. If G is any ﬁnite non-abelian p-group of order  p6 , or G is any
ﬁnite non-abelian 2-group of order  27 then Hn( G
Φ(G) , Z(Φ(G))) = 0 for all integers n.
Proof. It follows from [4, Theorem, p. 1], it is enough to check groups of order dividing 27, 36 or 56.
Note that by [1, Theorem 3.6] we may exclude groups of odd order and of class at most 3 and all
2-groups of class 2. This can be done by the following code in GAP [7] as follows:
f:=function(G)
local H0,ZPhi,Phi,i,j,L1,L2;
Phi:=FrattiniSubgroup(G);
ZPhi:=Center(Phi);
L1:=List(RightCosets(G,Phi),i->Representative(i));
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H0:=Factor(Centralizer(ZPhi,G),Group(L2));
return Size(H0);
end;
The above code accepts as input a group G and then compute the zeroth Tate cohomology group H0
of G/Φ(G) with coeﬃcients in Z(Φ(G)). H0 is zero if and only if all Tate cohomology groups are zero,
whenever G is a ﬁnite p-group. The machine computation shows that
H0
(
G
Φ(G)
, Z
(
Φ(G)
)) = 0,
for all groups G of order dividing 27, 36 or 56 of class greater than 2. Now Gaschütz–Ushida result
completes the proof. 
Proposition 2.2. There are 2-generated NS-groups of order 256 with nilpotency class 4.
Proof. Groups G with IdSmallGroup [256, i] for all i ∈ {298,299, . . . ,307} in small groups library of
GAP satisfy the requested property. For example, the group with IdSmallGroup [256,298] has the
following presentation
〈
x, y
∣∣ x4 = y4 = (xy)4 = (xy−1)4 = [x, y]2 = (yx y)2 = (y2x)4 = [(y2)x, y2]= (yx2 y)2 = 1〉. 
3. NS-groups of class 3
In this section, we study the structure of possible NS-groups of class 3. By [1, Theorem 3.6], every
p-group of class 2 is an S-group and all p-groups of class 3 are also S-groups whenever p > 2.
Therefore it follows from Proposition 2.2 that the minimum nilpotency class for an NS-group is 3
or 4 and if 3 happens the group must be a 2-group. Hence we will mainly study the existence of
possible NS-2-groups of class 3. Everywhere we were able, we studied the pair (G,N), where G is a
ﬁnite p-group of class 3 and N is a normal subgroup of G such that G/N is non-cyclic and Z(N) is
cohomologically trivial G/N-module. The same argument shows that such a pair may only exist for
2-groups G of class 3.
We need the following result due to Schmid [4].
Proposition 3.1. (See Proposition 1 of [4].) Suppose that A = 0 is a cohomologically trivial Q -module where
A and Q are ﬁnite p-groups. Then for every subgroup H of Q , the centralizer CQ (AH ) = H.
Lemma 3.2. Let G be a ﬁnite 2-group of class at most 3. Suppose that A is a normal abelian subgroup of G,
a ∈ A and x, y ∈ G such that x2, y4 ∈ CG(A). Then axy3+xy2+xy+y3+y2+y+x+1 = a8z for some central ele-
ment z of G. In particular, if Q = 〈x,y〉CG (A)CG (A) ∼= Z4 ×Z2 , then the trace map τQ : A → A sends a ∈ A to a8z for
some z ∈ Z(G).
Proof. We may write modulo G/Z(G) which is of class at most 2
axy
3+xy2+xy+y3+y2+y+x+1 = a8[a, xy3][a, xy2][a, xy][a, y3][a, y2][a, y][a, x]
= a8[a, x]4[a, y]12.
On the other hand, since x2, y4 ∈ CG(A), modulo G/Z(G) we have
1 = [a, x2] = [a, x]2, 1 = [a, y4] = [a, y]4.
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3+xy2+xy+y3+y2+y+x+1 = a8z for some central element z. This completes the
proof. 
Lemma 3.3. Let G be a ﬁnite 2-group of class at most 3. Suppose that A is a normal abelian subgroup of G,
a ∈ A and x, y ∈ G such that x4, y4 ∈ CG(A). Then axy+y3+xy3+y+x3+x2+x+1 = a8z for some central element z
of G. In particular, if Q = 〈x,y〉CG (A)CG (A) is isomorphic to the quaternion group of order 8, then the trace map
τQ : A → A sends a ∈ A to a8z for some z ∈ Z(G).
Proof. We may write modulo G/Z(G) which is of class at most 2
axy+y3+xy3+y+x3+x2+x+1 = a8[a, xy][a, y3][a, xy3][a, y][a, x3][a, x2][a, x]
= a8[a, x]8[a, y]8.
On the other hand, since x4, y4 ∈ CG(A), modulo G/Z(G) we have
1 = [a, x4]= [a, x]4, 1 = [a, y4] = [a, y]4.
Hence, axy+y3+xy3+y+x3+x2+x+1 = a8z for some central element z. This completes the proof. 
Lemma 3.4. Let G be a ﬁnite 2-group of class at most 3. Suppose that A is a normal abelian subgroup of G,
a ∈ A and x, y ∈ G such that x4, y4, x2 y−2 ∈ CG(A). Then
ax
3+x2+x+1 = a4[a, x]2z = ay3+y2+y+1
for some central element z of G. In particular, if Q = 〈x,y〉CG (A)CG (A) is isomorphic to the quaternion group of order 8
or Z4 ×Z2 , then the trace maps τHi : A → A for any two subgroups H1, H2 of orders 4 are equal modulo the
center of G, that is, for any a ∈ A, there exists z ∈ Z(G) such that aτH1 = aτH2 z.
Proof. We may write modulo G/Z(G) which is of class at most 2
ax
3+x2+x+1 = a4[a, x3][a, x2][a, x]
= a4[a, x]6.
On the other hand, since x4 ∈ CG(A), modulo G/Z(G) we have 1 = [a, x4] = [a, x]4 Hence,
ax
3+x2+x+1 = a4[a, x]2z for some central element z. By the same argument, ay3+y2+y+1 = a4[a, y]2z′
for some z′ ∈ Z(G). Now since [a, x2 y−2] = 1 by hypothesis, modulo the center of G we have
[a, x]2 = [a, y]2.
Now the last part of the lemma follows from this fact that for any two elements a,b ∈ Q 8 or Z4 ×Z2
of order 4, we have that a2 = b2. 
Theorem 3.5. Let G be a ﬁnite 2-group of nilpotent class at most 3 and let N be a normal subgroup of G such
that G/N is not cyclic and Z(N) is a cohomologically trivial G/N-module. Then G/N is isomorphic to either
Z2 ×Z2 or the dihedral group D8 of order 8.
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H/N and K/N of order 4 generated by xN and yN such that x2N = y2N . By Gaschütz and Uchida’s
result, we have H0(H/N, A) = H0(K/N, A) = 0 where A = Z(N). Thus A H
N
= Aτ HN and A K
N
= Aτ KN .
Now it follows from Lemma 3.4 that for any element a ∈ A there exists an element za ∈ Z(G) such
that
a
τ H
N = aτ KN za.
Since za ∈ Z(G), it follows that
C G
N
(
A
τ H
N
) = C G
N
(
A
τ K
N
)
.
Thus by Proposition 3.1 we have that HN = KN .
By using Lemma 3.3 of [1] and a similar argument as above, we can prove that any two non-cyclic
subgroups of order 4 of G/N are equal.
It follows that G/N cannot have subgroups isomorphic to Q 8 or Z4 × Z2 and G/N has at most 3
involutions.
If G/N has only one involution, then G/N is either cyclic or a generalized quaternion group. There-
fore G/N has exactly three involutions. Since G/N has no subgroup isomorphic to Z4 × Z2, either
Z(G/N) is elementary abelian of order 4 so that G/N ∼= Z2 ×Z2 or Z(G/N) is cyclic of order 2. In the
latter case, there exists an element a of order 2 outside Z(G/N) and so the subgroup V generated
by aN and Z(G/N) contains all the three elements of order 2 in G/N . Thus V is a normal subgroup
of G/N . Since G/N has no subgroup isomorphic to Z4 ×Z2 and contains only three involutions, V is
self-centralizing subgroup of G/N , i.e. V = CG/N (V ). Hence |G/N|  8 and so G/N is isomorphic to
Z2 ×Z2 or the dihedral group D8 of order 8. 
Lemma 3.6. Let G be a ﬁnite non-abelian 2-group of nilpotent class at most 3 such that Z(Φ(G)) is a co-
homologically trivial G/Φ(G)-module. Then Z(Φ(G))4 = Z(G) and G is 2-generated of class exactly 3. In
particular, if such a group G exists, the exponent of Z(Φ(G)) is greater than 4.
Proof. It follows from Theorem 3.5 that G/Φ(G) = 〈x, y〉Φ(G)/Φ(G) is elementary abelian of rank 2
and by Theorem 3.6 of [1], G is of class exactly 3. Let A = Z(Φ(G)) and Q = G/Φ(G). Then it follows
from [4, Corollary] that CG(A) = Z(A). Thus Z(G)  A and so Z(G) = AQ . Since A is a cohomologi-
cally trivial Q -module, Z(G) = AQ = Aτ , where τ : A → A is the trace map a → a1+x+y+xy for a ∈ A.
It follows from the proof of Lemma 3.3 of [1] that
axy+x+y+1 = a4[a, x]2[a, y]2[a, x, y].
Note that [a, x]2 = [a, x, x] and [a, y]2 = [a, y, y], since a ∈ A and G is of class 3. Since A  G2, every
element a ∈ A can be written as b2c for some b ∈ G and c ∈ [G,G]. Thus
[a, x, x] = [b2c, x, x] = [b, x, x]2 ∈ Z(G)2,
since γ3(G)  Z(G). Hence Z(G) = A4 Z(G)2 and so Z(G) = A4 as Z(G)2  Φ(Z(G)). This completes
the proof. 
Theorem 3.7. Let G be a ﬁnite non-abelian 2-group of class at most 3. Then G is an NS-group if and only if G
satisﬁes the following conditions:
(1) G is nilpotent of class exactly 3.
(2) CG (Z(Φ(G))) = Φ(G).
(3) d(G) = 2.
(4) Z(Φ(G))4 = Z(G).
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“only if” part.
Now assume that G satisﬁes the four conditions. Let A = Z(Φ(G)) and Q = G/Φ(G). We have to
show that A is a cohomologically Q -module. By Gaschütz and Uchida’s result, it is enough to prove
that H0(Q , A) = AQ /Aτ is trivial. It follows from the proof of Lemma 3.6 that AQ = Z(G),
Aτ = {a4[a, x, x][a, y, y][a, x, y] ∣∣ a ∈ A}
and [a, x, x][a, y, y][a, x, y] ∈ Z(G)2 for all a ∈ A, where G = 〈x, y〉. Note that A8  Aτ ; for [a2,h,k] =
[a,h2,k] = 1 for all a ∈ A and all h,k ∈ G . Now since A4 = Z(G), we have A8 = Z(Φ(G))8 = Z(G)2. It
follows that Aτ = A4. This completes the proof of the “if” part. 
Lemma 3.8. Let G be a ﬁnite non-abelian NS-group. Then d( Z2(G)Z(G) ) = d(G) · d(Z(G)).
Proof. Let C = Z1(G/Φ(G),Ω1(Z(G))); note that
C = Hom(G/Φ(G),Ω1(Z(G)))
and d(C) = d(G) · d(Z(G)). By [4, Corollary], CG(Z(Φ(G))) = Φ(G) and so Ω1(Z(G))  Z(Φ(G)). It
follows that C  Z1(G/Φ(G), Z(Φ(G))) and since G is an NS-group, we have
C  B1
(
G/Φ(G), Z
(
Φ(G)
))
.
Therefore, if f ∈ C , there exists an element a ∈ Z(Φ(G)) such that (gΦ(G)) f = [a, g] for all g ∈ G .
Since [a, g] ∈ Ω1(Z(G)), it follows that a ∈ K , where K/Z(G) = Ω1(Z2(G)/Z(G)). Also [K ,Φ(G)] = 1
and so K  Z(Φ(G)). Hence C = B1(G/Z(Φ(G)), K ). On the other hand, we have K/Z(G) ∼=
B1(G/Z(Φ(G)), K ). This completes the proof, as d( Z2(G)Z(G) ) = d(K/Z(G)). 
Lemma 3.9. Let G be a ﬁnite NS-2-group of nilpotent class 3. Then Z(G) is cyclic and
Z2(G) =
〈
x2
n
, y2
n
, [x, y]〉
for some positive integer n and some elements x, y generating G. Moreover, d(Z2(G)) = 2.
Proof. By Lemma 3.6, G is 2-generated. Since G/Z2(G) is capable, there exists a positive integer n
such that G/Z2(G) ∼= Z2n × Z2n . It follows that Z2(G) = 〈x2n , y2n , [x, y]〉Z(G) for some x, y ∈ G . On
the other hand, Z(Φ(G))2  Z2(G): for
1 = [a, g2]= [a, g]2[a, g, g] = [a2, g][a, g, g]
for all a ∈ Z(Φ(G)) and g ∈ G . Therefore
[
a2, g,h
]= [[a, g, g]−1,h]= 1,
as G is nilpotent of class 3. By Lemma 3.6, Z(Φ(G))4 = Z(G) and so Z(G)Φ(Z2(G)). Hence Z2(G) =
〈x2n , y2n , [x, y]〉.
It follows from Lemma 3.8 that d( Z2(G)Z(G) ) = 2, since d(Z2(G)) 3. Since Z(G)Φ(Z2(G)), we have
that d(Z2(G)) = 2. This completes the proof. 
We end the paper with the following problem:
Problem 3.10. Does there exist an NS-2-group of class 3?
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